The assumption that physical systems relax to a stationary state in the long-time limit underpins statistical physics and much of our intuitive understanding of scientific phenomena. For isolated systems this follows from the eigenstate thermalization hypothesis 1,2,3,4,5
Here we show that coupling to an environment can induce non-stationarity in many-body quantum systems that would otherwise relax according to the ETH. The environment can split the nondecaying part of the Hilbert space into disjoint sectors schematically shown in Fig. 1(b) . In the longtime limit a dark Hamiltonian coherently drives the system between these disjoint parts leading to non-decaying oscillations in observables that are not entirely contained in one sector. We will give general conditions for realizing this situation and analyse the ensuing complex dynamics for an example that can be realized in current experiments with ultracold atoms. Hamiltonian ℌ as the part of the evolution that is purely coherent.
The conceptually simplest situation where non-stationarity may occur is well understood for systems with few degrees of freedom 29, 30 . All jump operators fulfil | ⟩ = 0 for a subset of eigenstates | ⟩ with eigenvalues ℏ of the Hamiltonian. These so-called dark states are perfectly decoupled from the environment and span a decoherence free subspace 6 . Coherences between dark states evolve according to ℒ| ⟩⟨ | = ( − )| ⟩⟨ | and undergo continued oscillations induced by the coherent part of the dynamics. The dark Hamiltonian ℌ may then be understood as a purge of unwanted eigenstates of the original Hamiltonian . We extend this idea to many-body dark Hamiltonians in the Supplementary Material.
A dark Hamiltonian is not required to be Hermitian and its eigenstates need not be pure. We concentrate on this more general and interesting case and show that it may lead to non-stationary and complex long-time dynamics. This case is realized if there exists an eigenoperator such that (see Supplementary Material for details)
with real valued . We find ℒ = i( − )λρ for operators = A ∞ ( † ) and integer , > 0. Here, ∞ is a stationary state with ℒ ∞ = 0. The fact that is an eigenoperator and not just a symmetry with [ , ] =0 is crucial and guarantees that the operators are not stationary for ≠ . We refer to these as mixed coherences because they describe oscillations formed from stationary states which are usually mixed. In contrast to the coherences in a decoherence free subspaces they are not decoupled from the environment and are affected by dissipation † ≠ 0. Initial states that contain mixed coherences will continuously oscillate in the long-time limit. If only one operator exists then the spectrum of the dark Hamiltonian is equidistant, like that of a harmonic oscillator. The long-time dynamics is then periodic with period 2 / .
We study the emergence of non-stationarity in -dimensional fermionic Hubbard models that possess spin and -pairing symmetries (see Methods). This is a paradigmatic example that can be accurately realized in highly controllable quantum systems, such as optical lattices filled by ultracold spin ½ atoms 31 . The model is described by
where ⟨ , ′ ⟩ denotes nearest-neighbour sites of a bipartite lattice and , is the annihilation operator for a fermion with spin on site . The particle number operator is , = , † , and = ,↑ + ,↓ . The hopping amplitude is and denotes onsite interactions. We have included a chemical potential that controls the filling of the lattice and allows for a site dependent energy offset . In an optical lattice, the term describes the trapping potential and/or spin-agnostic disorder created through speckle patterns 18, 32 . A constant external magnetic field splits different spin states by an energy via the Zeeman effect. We assume the coupling of the Hubbard lattice to the environment to take the form of local dephasing Lindblad operators = . In optical lattices this could be achieved in a controlled way through immersion into a Bose-Einstein condensate 33 .
The strong symmetries 29, 30, 34 of this model determine its generalized grand-canonical-like equilibrium states as ∞ ∝ exp( 0 + 1 ( + − ) + 2 ), where is the total number of particles and ⃗ = ( , , ) the total spin. The parameters play the role of generalized chemical potentials and are determined by the initial state. The operator + fulfils the criteria of the eigenoperator with = and hence constructs a dark Hamiltonian ℌ (see Methods).
Any initial state that is diagonal in the basis of will lead to an equilibrium stationary state. In the absence of dephasing, the combination of disorder and many-body thermalization quickly dampens out the dynamics of other states. Interestingly, this happens even for a small system, as shown in Fig. 2(a) . Remarkably, switching on the dephasing term leads to persistent oscillations. For instance, the x-component of the spin in a single lattice site will be of the form 〈 ( )〉 ∝ sin( + ) in the long-time limit for any system size. This agrees with the numerical results for a small system shown in Fig. 2(b) where oscillations with a phase offset are established after a short transient. The resulting eigenstates have an unusual type of off-diagonal long-range order 35 in the spin sector lim →∞ ⟨ + − ⟩ ≠ 0, ∀ i, j. This order is constructed by the time evolution even for initially thermal states and is even possible in one spatial dimension as the Mermin-Wagner theorem does not hold for open systems. We emphasize that the eigenstates of the dark Hamiltonian ℌ driving these oscillations are mixed and cannot be realized with purely coherent time evolution in an isolated system.
We apply well-established complexity measures based on entropy 14 (see Methods) to the time evolution induced by the dark Hamiltonian. Figure 3 (a) shows the mutual information between lattice sites as a function of time. For small times this is uniform and large which indicates that the reduced quantum state of a single site already contains a lot of information about the rest of the system. During the time evolution the mutual information decreases while simultaneously the disparity, shown in Fig. 3(b) , increases. The system reaches a complex state with little mutual information and large disparity between individual sites. The experimental characterization of this state necessarily requires measuring many sites. Our results open up the possibility of studying quantum statistical physics of dark Hamiltonians. Linear response theory, behaviour under periodic driving, relaxation towards subspaces of the dark Hamiltonian and the formulation of a semiclassical limit are also interesting and open questions. The asymptotic coherent dynamics induced by a dark Hamiltonian breaks time-translation symmetry and may thus be understood as the dissipative realization of a time crystal 17 . More generally, our work provides a constructive way towards experimentally realizing non-Hermitian Hamiltonians 37 , allows for the study of complex quantum dynamics 38, 39 and could have implications for both quantum coherence thermodynamics 40 and biological molecules with a high degree of symmetry 41 .
We have shown that relaxation to equilibrium and stationarity can be prevented by environmental dissipation. This causes some degrees of freedom to dampen out and stops them from dephasing. The underlying physics seems to resemble classical complex system dynamics where also not all available degrees of freedom contribute to the formation of collective complex behaviour 
Methods

Symmetries of the Hubbard model
The -dimensional Hubbard Hamiltonian on a bipartite lattice commutes with two sets of generators of the (2) algebra. The first set consists of spin operators
where ,↓ ( ,↑ ) is the standard fermionic annihilation operator annihilating a down (up) spin on site . We have,
The other, 'hidden', (2) symmetry, called -pairing, is given in terms of its generators as,
where ( ) follows an alternating checkerboard pattern of ± 1. With = 0 we have,
Crucially, we also have [ , ] = 0, ∀ , , , . This fact allows us to construct Lindblad operators in terms of either spin or -pairing operators and get dark Hamiltonians in the long-time limit. In the main text we study the example = . Explicitly, the local transverse magnetizations are given by = 1/2( + + − ) and = i/2( + − − ).
Quantum mutual information and disparity
Taking a complex network measure applied to quantum systems from Ref. 14 we study the complexity of the coherent dynamics using quantum mutual information,
where = tr( log ) and = tr( log ) are the one-and two-point reduced von Neumann entropies of subsystems = ≠ and , = ≠ , . Using this we also define the disparity ,
which may intuitively be understood by observing that it is small when the quantum mutual information between site and the other sites takes on a constant value and large when one particular takes on a dominant value. More specifically, we study the average disparity across the sites = 1 ∑ =1 . 
4√ in one spatial dimension). (a) shows the average disparity between lattice sites that is growing with time. (b) depicts the quantum mutual information between sites 1 and 3 that decreases quickly during the initial part of the evolution.
Introduction
Let us recall the Lindblad equation,
and the eigenvalue equation for the Liouvillian,
We seth = 1 for simplicity of notation. We are concerned with cases where λ is purely imaginary. The corresponding eigenmodes are called oscillating coherences, 1 or limit cycles. 2 Here we emphasize that our results may be also understood as a framework for constructing genuine many-body quantum synchronization. 2
Dynamical decoherence-free many-body subspaces
We will define what we mean by a standard dark Hamiltonian H := [H, •] (or dynamical many-body decoherence-free subspace) withH =H † . We want the spectrum of H to be made up of pure mutually orthogonal eigenstates and to have the same left and right eigenvectors. Namely:
1. We first wish that,
2. Where we also desire that eigenmodes ρ nm := |φ n φ m | are mutually orthogonal in the Hilbert-Schmidt sense, trρ † nm ρ n m = δ n,n δ m,m .
3. Finally we require that the left and right eigenvectors match ensuring that H = H † .
We state the details of the conditions under which properties 1-3 will be fulfilled in Theorem 1. Theorem 1. A set of mutually orthogonal vectors {|φ 1 , |φ 2 , . . .} forms a set of eigenvectors of a standard dark Hamiltonian (or a decoherence-free subspace) in the sense of properties 1-3 iff the following conditions are fulfilled,
Then the eigenvalues from (3) are given as
Proof. Conditions We know that the only stationary states are of the form |φ n φ n |. Writing |Ψ = A |φ n , we have that any oscillating coherence must satisfy
Using L k |φ n = 0 and H |φ n = ω n |φ n we are left with
We take the product of this with Ψ| from the left and |φ n from the right, thus we have Ψ| L † k L k |Ψ = ||L k |Ψ || 2 ≥ 0. We then use the fact that H is Hermitian and so Ψ| H |Ψ ∈ R. Then the only way to satisfy the eigenequation is iff L k |Ψ = 0 and H |Ψ = Λ |Ψ , therefore |Ψ ∈ D is also a dark state.
1 Dark states |φ n are defined as L k |φ n = 0 and H |φ n = ω n |φ n , ∀k.
Supplementary Figure 1: The spectrum of the XXZ Liouvillian with a single loss term. We study three system sizes n=4 (a), n=6 (b) and n=8 (c) in the gapped regime with ∆ = 2 and γ = 1 and plot the real and imaginary part of the eigenvalues of L . The larger red points indicate the purely imaginary eigenvalues and the green points the stationary states (with eigenvalue 0).
The XXZ spin ring
We study the n-site Heisenberg XXZ spin chain with periodic boundary conditions (spin ring),
where ∆ is an anisotropy parameter and the spin-1/2 operators on site j are σ α
(with σ α being the standard Pauli matrices and 1 2 is the identity matrix of size 2x2). For the sake of simplicity, we study the dimensionless version of the model. We also introduce a single ultra-local loss term L = γσ − 1 with loss rate γ ≥ 0. In the long-time limit this setup induces a dynamical decoherence-free many-body subspace (see theorems 1 and 2) that is formed from pure states that are eigenstates of the Hamiltonian H XXZ |φ n = ω n |φ n and that are annihilated by L |φ n = 0. Thus, L |φ n φ m | = i(ω n − ω m )|φ n φ m |, and any state of the form |Ψ = |φ n + e iα |φ m will undergo oscillations when ω n = ω m , ∀α.
The Liouvillian of the model was studied through exact diagonalization, and by requiring that the Bethe ansatz solutions for the eigenvectors of H XXZ are dark states of L. The spectrum of the corresponding Liouvillian is shown in Supp. Fig. 1 for different system sizes n. We find that the number of distinct purely imaginary eigenvalues scales sub-quadratically with n. The spectrum in Fig. 1 also shows the formation of oscillatory patterns in the spectral densities that hint at the formation of Bethe strings in the values of the complex quasi-rapidities of the related integrable model. The eigenstates with purely imaginary eigenvalues are states with nodes on the loss site (and may also be understood as lattice scarring, 5 but a 1D quantum many-body version). The purely imaginary eigenvalues are not present at the non-interacting point of the model (∆ = 0).
In the long-time limit this setup restricts the dynamics to the dynamical decoherence-free many-body subspace that undergoes continued oscillations. We take ∆ = 1.1, n = 4, γ = 1 and show the dynamics in Supp. Fig. 2 for O(t) = σ x 2 (t) . The time evolution is initialized in a random initial state. Numerical investigation indicates that the dynamical decoherence-free subspace is robust to terms in the Hamiltonian that break integrability, but it is not robust to the presence of additional Lindblad operators. In particular, adding a second loss term destroys the dynamical decoherence-free subspace. We thus compare the time evolution of the same observable starting in the same initial state and with the same parameters, but with two loss terms Fig. 2 . This case clearly shows relaxation to stationarity. Furthermore, the stationary state is unique.
Theorems on general complex coherent dynamics under dissipation
In this section we go beyond H being a standard Hamiltonian, i.e. H = [H, •], and move to cases when the eigenmodes of H are not pure states and when H is not Hermitian. 
then the state ρ = Aρ ∞ is an eigenstate of the Liouvillian with purely imaginary eigenvalue,
Proof. Take the conjugate transpose of (6). We get ρ ∞ [H,
where µ is the chemical potential. Thus starting from an initial state with a well-defined number of particles and doublons we arrive at the stationary state given in (8) . However, if we start from an initial state that is off-diagonal in both particle number and the number of doublons, we will get oscillations of the form of (9) . The eigenmodes of the dark Hamiltonian all have η-pairing symmetry, which is of particular interest when studying superfluidity and superconductivity as η-paired states have long-range off-diagonal order 6 for all dimensions D. Thus all the eigenmodes of the dark Hamiltonian are superconductive. 6
Transport of doublons
Let us now take Lindblad jump operators that drive doublons, i.e. in one spatial dimension
n , and an analogously chosen pair in higher spatial dimension.
For the same reasons as in the example in the main text we obtain a dark Hamiltonian. The crucial difference now is that the stationary state ρ ∞ will be different. As we are driving doublons, the eigenstates of the dark Hamiltonian will be non-equilibrium mixed states, which support a doublon current in addition to having coherent oscillations in the spin sector.
Generalizing beyond the Markovian framework
It is fairly straightforward to generalize the discussion in the main text beyond the Markovian framework. Let the full Hamiltonian of the system (with Hilbert space H S ) and bath (with Hilbert space H B ) be given as
where H S ∈ H S is the system's Hamiltonian, H B ∈ H B is the Hamiltonian of the bath and H SB ∈ H S ⊗ H B is the system-bath interaction. In general, we may write H SB = ∑ j S j ⊗ B j , where S ∈ H S and B ∈ H B .
Let A be an eigenoperator of the full Hamiltonian, [A, H] = λ A. As H is Hermitian λ ∈ R. The case studied in the main text would correspond to A = A S ⊗ 1 B , with A S ∈ H S and,
The full time evolution of the open system is given as, ρ S (t) :=T t ρ(0) = tr B e −iHt ρ(0)e iHt ,
where tr B represents tracing over the bath degrees of freedom.
Let ρ ∞ ∈ H S be a stationary state of the dynamical map in the sense that for some ρ (0) we have,
Such as state always exists (e.g. any incoherent mixture of the eigenstate of H will produce such a state trivially). We look at the asymptotic time evolution of ρ nm = A n ρ (0)(A † ) m . It follows from [H, A] = λ A that, e −iHt Ae iHt = e iλt A.
We decompose the density matrix of the full system and bath as ρ(t) = ∑ i, j s i (t) ⊗ b j (t) and write,
where s j (t) ∈ H S and b j (t) ∈ H b and c j (t) = tr B b j (t). 
where to obtain the second equality we repeatedly inserted 1 = e −iHt e iHt between the products of A's and used (14) . To obtain the third and fourth equality we used (15) and the fact that A ∈ H S . The last equality was obtained by recognizing that ρ ∞ = lim t→∞ ρ S (t) is a stationary state.
We emphasize that ρ nm are not density matrices, but their linear combinations can be chosen to be.
